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Abstract
We apply the main ideas behind the group theoretic methods developed in [P.H. Kropholler, Bull.
London Math. Soc. 25 (1993) 558–566; J. Pure Appl. Math. 90 (1993) 55–67] to study Lie algebras
of type FP∞. We show that every soluble Lie algebra of type FP∞ is finite dimensional. Some
refinements of this result, when the algebra is abelian-by-finite dimensional and only type FPm is
assumed, are obtained. It is also shown, using the complete cohomology of Vogel and Mislin, that for
a wide class of Lie algebras, including all countable soluble ones, FP∞ implies finite cohomological
dimension.
 2004 Published by Elsevier Inc.
1. Introduction
In [6] and [7], P.H. Kropholler investigated the homological finiteness condition FP∞
for groups. Our aim in this paper is to make similar investigations for Lie algebras.
Although we have not pursued these investigations to the same depth as in [6] and [7],
it seems that similar, sometimes stronger, results hold.
We need some notation and definitions to describe our results. Let L be a Lie algebra
over a field K . A (left) module M over L is a (left) module over the universal enveloping
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resolution
· · · → Pi → ·· · → P1 → P0 → M
where, for i m, all Pi are finitely generated, projective U(L)-modules; if there is such a
resolution in which all terms are finitely generated, we say M is of type FP∞. A Lie algebra
L is of type FPm (respectively FP∞) if the trivial module K is of type FPm (respectively
FP∞) over L. Clearly every Lie algebra L is of type FP0 and L is of type FP1 if and only
if L is finitely generated as Lie algebra.
In [6] it was shown that, if a soluble group has type FP∞ over the field Q of rationals,
then G has finite torsion-free rank. Here similar methods yield an apparently stronger
result. As in [6] the proof is based on properties of ordinary cohomology.
Theorem 1. Let L be a soluble Lie algebra of type FP∞. Then L has finite dimension.
In the case of Lie algebras of finite characteristic, special techniques are possible and we
can sometimes draw stronger conclusions. The case m = 2 of the first part of the following
Theorem 2 appears in [4]. The property FPm for metabelian Lie algebras has also been
studied in [5] where it has been shown that, at least if the Lie algebra is a split extension of
abelian Lie algebras, then the property FPm can be characterised in terms of an invariant
introduced in [4].
Theorem 2. Let L be a Lie algebra of type FPm. Suppose that L has an abelian ideal A
such that L/A is finite dimensional. If, either
(1) 0 < char(K)m, or
(2) dimK(L/A) < m,
then L has finite dimension.
In [7], the class of groups considered is widely increased from the soluble groups
discussed in [6]. The arguments use the complete cohomology of Vogel and Mislin [9].
Here we consider a similarly large class of Lie algebras, H {0}, closed under taking
extensions and countable direct unions. It contains all countable soluble Lie algebras and
somewhat more. We again use complete cohomology to prove the following:
Theorem 3. Let L be a Lie algebra of the class H {0} and let M be an L-module of type
FP∞. Then M has finite projective dimension over L.
In the initial discussions on the topics described here, Peter Kropholler made a very
substantial contribution. We are pleased to be able to record our gratitude for this.
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We write Hj(L,−) for the ordinary cohomology groups ExtjU(L)(K,−).
Proposition 2.1. Suppose that L is a soluble Lie algebra of type FP∞ and
Lk = 0 ⊂ Lk−1 ⊂ · · · ⊂ L2 ⊂ L1 = L (∗)
is a series of ideals of L with quotients abelian Lie algebras. Then for every i there is j  0
such that
Hj
(
L,U(L/Li)
) = {0}.
Proof. We induct on i . For i = 1 put j = 0. Assume now the result holds for i and so
Hj(L,U(L/Li)) = {0} for some j  0.
Note that
U(L/Li) = U(L) ⊗U(Li) K = lim−→
α
U(L) ⊗U(Hα) K
where the limit is over all Lie subalgebras Hα of L such that Li+1 ⊆ Hα ⊆ Li and Hα/Li+1
is finite dimensional. By [1, Corollary 1.6], as L is of type FP∞, the functor Hj(L,−)
commutes with direct limits and so
lim−→
α
Hj
(
L,U(L) ⊗U(Hα) K
)= Hj(L, lim−→
α
U(L) ⊗U(Hα) K
)
= Hj (L,U(L) ⊗U(Li) K) = {0}.
Then for some α we have Hj(L,U(L) ⊗U(Hα) K) = {0}. Note that Hα/Li+1 is a finite
dimensional Lie algebra and hence there exists a free resolution of the trivial U(Hα/Li+1)-
module K
{0} → Pr → Pr−1 → ·· · → P0 → K → {0}
with all Pi finitely generated. Then the induced sequence
{0} → U(L) ⊗U(Hα) Pr → U(L) ⊗U(Hα) Pr−1 → ·· · → U(L) ⊗U(Hα) P0
→ U(L) ⊗U(Hα) K → {0}
is exact, as U(L) is free as U(Hα)-module. As in the proof of [6, Lemma 1], the
existence of j  0 such that Hj(L,U(L) ⊗U(Hα) K) = {0} implies that for some t  j
and some s we have Ht(L,U(L) ⊗U(Hα) Ps) = {0}. As Ps is a finite direct sum of
copies of U(Hα/Li+1), and Ht(L,−) commutes with finite direct sums, we obtain
Ht(L,U(L)⊗U(Hα) U(Hα/Li+1)) = {0}. The isomorphism U(L)⊗U(Hα) U(Hα/Li+1) ∼=
U(L/Li+1) completes the inductive step. 
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subalgebras I = I0 ⊆ I1 ⊆ · · · ⊆ In = L so that for each j , Ij is an ideal of Ij+1.
Lemma 2.2. Let A be a subideal of a Lie algebra L and suppose that Hs(L,U(L)) = {0}.
Then there exists q  s so that Hq(A,U(L)) = {0}.
Proof. We use induction on the length of the chain that describes A as subideal. If the
length is 1 then A = L and the result is clearly true. Suppose that B is a subideal of L
such that Hs(B,U(L)) = {0} and that A is an ideal of B . The Lyndon–Hochschild–Serre
spectral sequence for Lie algebras with the term Ep,q2 equal to Hp(B/A, Hq(A,U(L)))
converges to Hp+q(B,U(L)) and so, for some q  s, we must have that Hq(A,U(L)) is
non-zero, as required. 
Proposition 2.3. Let L be a Lie algebra satisfying Hs(L,U(L)) = {0} and let A be an
abelian subideal of L. Then A has dimension at most s.
Proof. By Lemma 2.2, we can find q  s so that Hq(A,U(L)) = {0}.
It will suffice to bound the dimension of abelian subideals of finite dimension, for then
it is clear that the dimension of all abelian subideals must also be finite and similarly
bounded.
So suppose that A has finite dimension. Recall that Hi(A,U(A)) = {0} exactly when
i = dimk(A). (This can be quickly deduced, for example, from a Lie algebra version of
9.10 of Bieri’s notes [1].) Also, we can write U(L) as a direct sum of copies of U(A). As
A is of type FP∞, Hi(A,−) commutes with direct sums. Hence
Hi
(
A,U(L)
)∼= Hi(A,⊕U(A))∼=⊕Hi(A,U(A))
and so Hi(A,U(L)) is non-zero exactly when i = dim(A). Combining this with our
previous observation, we have that dim(A) = q . This completes the proof. 
The following lists two results on Lie algebras that we have not been able to find in the
literature. The corresponding results for groups are standard and the proofs carry over to
Lie algebras with little change.
Proposition 2.4.
(1) If N is a nilpotent Lie algebra then N has ideals which are maximal with respect to
being abelian and such a maximal ideal is equal to its centraliser in N .
(2) If F is the sum of all the nilpotent ideals of a soluble Lie algebra L (the Fitting
subalgebra of L) then F contains its centraliser in L.
Proposition 2.5. Let L be a soluble Lie algebra in which every abelian subideal has finite
dimension bounded by s. Then L has finite dimension.
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then B is an abelian subideal of L. The adjoint action of N on B yields a homomorphism
from N to the endomorphism ring of B with kernel the centraliser of B in N . By (1) of
Proposition 2.4, this centraliser is B . Thus
dim(N) = dim(B) + dim(N/B) dim(B) + dim(End(B)) s + s2.
It now follows that each nilpotent subideal of L has class bounded by s + s2 and so the
Fitting subalgebra F of L is also nilpotent and so has dimension no more than s + s2. We
write N0 for F .
By (2) of Proposition 2.4, N0 contains its centraliser C in L and so, as before,
dim(L) = dim(N0) + dim(L/N0) dim(N0) + dim
(
End(N0)
)

(
s + s2)+ (s + s2)2. (1)
In particular, L has finite dimension. 
Corollary 2.6. Let L be a soluble Lie algebra such that for some s  0, Hs(L,U(L)) = 0.
Then dim(L) s4 + 2s3 + 2s2 + s.
Proof of Theorem 1. Combine Propositions 2.1, 2.3 and 2.5. 
3. Proof of Theorem 2
Denote L/A by Q and regard A as Q-module by the adjoint action. Recall that Q is
finite dimensional. Then, by 1.7.4 of [8], U(Q) is Noetherian. There is a natural K-algebra
monomorphism δn of U(Q) into
⊗n
U(Q) given by, for q ∈ Q,
δn :q →
n∑
i=1
1 ⊗ · · · ⊗ q ⊗ · · · ⊗ 1
where the only non-trivial term in the ith summand occurs in the ith place of the pure
tensor. Since
⊗n
A is naturally a module for
⊗n
U(Q), there is an induced action of
U(Q) on
⊗n
A via δn. This action, and the induced action on exterior powers, will always
be the one that is referred to throughout this argument.
Because L is of type FPm, there will be a projective resolution of K over U(L) with
all modules in dimension  m finitely generated. Observe that this is also a projective
resolution of K over U(A). Apply the functor K⊗U(A) to this resolution to obtain a
sequence of U(Q)-modules, with all modules in dimension  m finitely generated. We
can calculate the homology of A from this resolution and, using the fact that U(Q) is
Noetherian, it is easy to see that all homology groups Hi(A,K) = TorU(A)i (K,K), for
i m, are finitely generated as U(Q)-modules. Observe that, as A is abelian, Hi(A,K) is
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∧i
A and so the latter are also finitely
generated as U(Q)-modules (for i m) under the action discussed earlier.
(1) We consider the case when 0 < char(K)  m. We wish to show that the corres-
ponding tensor powers are also finitely generated.
By Lemma 2.5 of [4] there is a central subalgebra T of U(Q) and a finite generating set
Y for T so that U(Q) is finitely generated as T -module and, for each y ∈ Y
δn(y) =
n∑
i=1
1 ⊗ · · · ⊗ y ⊗ · · · ⊗ 1
where the only non-trivial term in the ith summand occurs in the ith place of the pure
tensor. Further the size of Y is equal to the dimension of Q. Observe that, as U(Q) is
finitely generated as module over T , the Krull dimension of U(Q) coincides with that of T .
But by Theorem 6.6.2 of [8], the Krull dimension of U(Q) coincides with the dimension
of Q. Thus T is a commutative K-algebra which is generated by a finite set Y of size equal
to its Krull dimension. Hence T can be only the polynomial algebra on Y . In particular,
T is the universal algebra of the abelian Lie algebra spanned by Y . Since
∧i
A is finitely
generated as U(Q)-module for i  m and U(Q) is finitely generated as T -module, then∧i
A is finitely generated as T = U(〈Y 〉)-module. We can now apply Theorem 6 of [5] to
deduce that
⊗i
A is finitely generated as T -module for i m
The proof now follows the lines of Proposition 4.1 of [4]; we sketch the argument for
completeness. Observe that since A is a finitely generated T -module it suffices to show
that each cyclic T -submodule U of A is finite dimensional. Thus U ∼= T/J for some ideal
J of T . Also
⊗p
U is finitely generated as T -module, where p m is the characteristic
of K , since
⊗p
U is a T -submodule of
⊗p
A. Let φ be the map
φ :u1 ⊗ · · · ⊗ up → u1 · · ·up
given by multiplication in U . Observe that(
(yδp)(u1 ⊗ · · · ⊗ up)
)
φ = p · u1 · · ·up · (y + J ) = 0.
Then every element of Y acts trivially on
⊗p
U/ker(φ) and so, as the latter is a finitely
generated module over T , it is of finite dimension. But it is also isomorphic to U and so U
has finite dimension, as required. This completes the proof.
(2) Suppose now that the dimension, n say, of Q is less than m. A straightforward
adaptation of Lemma 2 of [2], replacing group rings with universal algebras of Lie
algebras, shows that KrdimU(Q)(
∧m
A)  m KrdimU(Q) A (where KrdimR(M) denotes
the Krull dimension of M as R-module). Since ∧m A is finitely generated as U(Q)-
module and the Krull dimension of U(Q) is n, it follows that
m · KrdimU(Q) AKrdimU(Q)
( m∧
A
)
KrdimU(Q) = n < m.
Thus KrdimU(Q)(A) = 0 and so A is of finite K-dimension. This completes the proof.
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In this section we shall describe a class of Lie algebras similar to the classes described
in [7] and show that if a Lie algebra is in this class and is of type FP∞ then it has finite
projective dimension. The basic tool, as in [7], will be the complete cohomology defined
in Mislin [9]. For an arbitrary ring R, an arbitrary integer n and any R-modules A and B
there is a ‘complete Ext’ group ÊxtnR(A,B). For our purposes we need only the properties,
rather than the definition, of this functor. We list the necessary properties here and refer to
[9] and [7, Section 4] for further details and proof.
Lemma 4.1 [7].
(1) ÊxtR(M,−) is a (−∞,+∞)-cohomological functor; that is, there is a long exact
sequence corresponding to every short exact sequence of R-modules.
(2) If M is of type FP∞ over R then ÊxtR(M,−) commutes with direct sums.
(3) For every R-module N of finite projective dimension ÊxtjR(M,N) = 0 for all j ∈ Z.
(4) M has finite projective dimension as R-module if and only if Êxt0R(M,M) = 0.
In [7], the definition of the classes of groups which are considered proceeds by
considering actions of groups on cell complexes. We do not have that option here, but
replace this with an appropriate description of a projective resolution of the underlying
field K .
Definition. Let X be a class of Lie algebras. We define inductively H0(X ) =X and for an
ordinal α > 0, we define HαX to be the class of Lie algebras L such that there is an exact
sequence of U(L)-modules
0 → Ps → ·· · → P1 → P0 → K → 0
with Pi a (possibly infinite) direct sum of induced modules U(L) ⊗U(H) K for (possibly
different) subalgebras H of L that are in⋃β<α HβX . Finally define HX =⋃α HαX .
Observe that a finite projective resolution of K over U(L) entails the existence of a
finite resolution consisting of free modules each term of which is therefore a direct sum of
modules of the form U(L) ⊗U({0}) K (see, for example, the method of proof for VIII.2.6
of [3]). It follows that all Lie algebras for which the trivial module K has finite projective
dimension belong to H {0}. In particular, all finite dimensional Lie algebras belong to
Hα{0} for every α > 0.
From now on we restrict to the case X = {0}, the class that contains only the trivial Lie
algebra. We do not know whether, as in the corresponding case for groups, the class H {0}
is closed under taking subalgebras. There are technical difficulties for Lie algebras which
do not appear in the group case.
Lemma 4.2. The class H {0} is closed under extensions and countable directed unions.
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induction on β that L ∈ H {0}. The case β = 0 is equivalent to L = I so there is nothing to
prove. Now let β > 0. Then there is an exact complex of U(L/I)-modules
0 → Ps → Ps−1 → ·· · → P1 → P0 → K → 0
with Pi a direct sum of modules of the form U(L/I) ⊗U(H/I) K where the sum is over
some subalgebras H/I of L/I such that H/I ∈⋃γ<β Hγ {0}. By induction, as I ∈ Hα{0}
and H/I ∈ Hγ {0} we have H ∈ H {0}. Note that U(L/I) ⊗U(H/I) K ∼= U(L) ⊗U(H) K as
U(L)-modules and hence L ∈ H {0}, as required.
(2) Let L1 ⊆ L2 ⊆ L3 ⊆ · · · ⊆ Li ⊆ Li+1 ⊆ · · · be a sequence of Lie subalgebras of L
such that L =⋃i1 Li and all Li ∈ Hα{0} for some ordinal α. We construct now an exact
sequence of U(L)-modules
0 →
⊕
i1
U(L) ⊗U(Li) K
∂1−→
⊕
i1
U(L) ⊗U(Li) K
∂0−→ K → 0.
If πi is the canonical projection U(L)⊗U(Li) K → U(L)⊗U(Li+1) K then the restriction of
∂1 on U(L)⊗U(Li) K is defined to be id−πi . Also ∂0 is induced by the augmentation map
U(L) → K sending the ideal of U(L) generated by L to 0. The fact that ∂1 is injective is
an obvious consequence of the definition. To show that Im∂1 = Ker∂0 firstly observe that
Im∂1 ⊆ Ker∂0. Now consider the isomorphisms
(⊕
i1
U(L) ⊗U(Li) K
)/
Im∂1 ∼= lim−→
πi
(
U(L) ⊗U(Li) K
)∼= U(L) ⊗lim−→i U(Li) K
∼= U(L) ⊗U(L) K = K
which show that Im∂1 and Ker ∂0 have the same codimension and so are equal.
Thus there is an exact sequence of U(L)-modules of the type required to show that
L ∈ Hγ {0} for any γ > α. In particular, L ∈ H {0}. 
Corollary 4.3. All soluble Lie algebras of countable dimension are in the class H {0}.
Proof. This follows immediately from Lemma 4.2 and the observation that the finite
dimensional Lie algebras lie in H {0}. 
Lemma 4.4. Let H be a Lie algebra with a Lie subalgebra A and M be a (left) H -module.
Then there is an isomorphism of H -modules
U(H) ⊗U(A) M 
(
U(H)⊗U(A) K
)⊗ M
where the action of H on the left-hand side is via the action on the left factor of the tensor
product and on the right-hand side is via the map δ2 :U(H) → U(H)⊗ U(H).
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a basis of H . We fix linear orders on X and Y and use them to define a linear order on Z
with y < x for every x ∈ X, y ∈ Y . A word z1 · · ·zm on the alphabet Z is ordered if it is the
empty word or z1  z2  · · · zm. By the Poincaré–Birkhoff–Witt theorem, U(H) has as
basis over K the ordered words on Z and U(A) has as basis the ordered words on X. Let
M be a basis for M over K . Then
{w ⊗m | w is an ordered word on Y and m ∈M}
is a basis for U(H)⊗U(A) M over K .
The map ∂2 :U(H) → U(H) ⊗ U(H) satisfies ∂2(1) = 1 ⊗ 1, ∂2(y) = y ⊗ 1 + 1 ⊗ y
for y ∈ Y and ∂2(∏i yi) =∏i ∂2(yi) for yi ∈ Y . Thus if w is an ordered word on Y then
∂2(w) =
∑
i
w
(1)
i ⊗ w(2)i ,
where w(j)i is a word (possibly not ordered) on Y .
Define a K-linear map
µ :U(H)⊗U(A) M →
(
U(H) ⊗U(A) K
)⊗K M
given by
µ(w ⊗m) = ∂2(w)
(
(1 ⊗ 1) ⊗ m)
for w an ordered word on Y and m ∈M. Then it is easily verified that µ is an isomorphism
of vector spaces using the fact that µ(w ⊗ m)− (w ⊗ 1) ⊗m is a sum of elements of type
(w′ ⊗ 1) ⊗ m′, where w′ is an ordered word on Y of length smaller than the length of w
and m′ ∈ M . For λ ∈ U(H) we have by the construction of µ that
µ
(
λ(w ⊗m))= ∂2(λ)µ(w ⊗ m).
Hence µ is an isomorphism of U(H)-modules. 
Proof of Theorem 3. Suppose L ∈ Hα{0} and assume that the L-module M does not have
finite projective dimension over U(L). Then, by (4) of Lemma 4.1, Êxt0U(L)(M,M) = 0.
Consider the set Y of all ordinals β  α for which there is a Lie subalgebra H of L such
that H ∈ Hβ{0} and for some j  0 we have ÊxtjU(L)(M,U(L)⊗U(H) M) = 0. Taking
H = L and j = 0, we have that α ∈ Y ; that is, Y is not empty.
We show now that if β ∈ Y and β = 0 then there is an element γ < β such that γ ∈ Y .
Fix a subalgebra H of L with H ∈ Hβ{0} which demonstrates that β ∈ Y ; that is, for
some j , ÊxtjU(L)(M,U(L)⊗U(H) M) = 0. Because H ∈ Hβ{0}, there is an exact complex
of U(H)-modules
P : 0 → Ps → Ps−1 → ·· · → P0 → K → 0
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subalgebras of H such that Li ∈⋃γ<β Hγ {0}.
The complex P ⊗M of U(H)-modules is still exact, where U(H) acts via ∂2. Then the
complex U(L) ⊗U(H) (P ⊗ M) is exact with modules U(L) ⊗U(H) (Pi ⊗ M) which are
isomorphic to a direct sum of modules of the form
U(L) ⊗U(H)
((
U(H) ⊗U(Li) K
)⊗M) U(L) ⊗U(H) (U(H) ⊗U(Li) M)
 U(L) ⊗U(Li) M
where we have used Lemma 4.4. Note we have obtained a resolution of U(L)⊗U(H) M by
U(L)-modules.
We can now apply 3.1 of [7] with T = ÊxtU(L)(M,−) to this complex to obtain that, for
some j ′  j , and for some Li , we have Êxtj
′
U(L)(M,U(L) ⊗U(Li) M) = 0. (Although 3.1
of [7] is stated in terms of group rings, it is clear from the proof that the argument is much
more general and applies here.) We have also used here the fact that M has type FP∞ and
so, by (2) of Lemma 4.1, Êxtj ′U(L)(M,−) commutes with direct sums. As Li ∈ Hγ {0}, this
confirms our claim that γ ∈ Y .
Finally by transfinite induction we see that 0 ∈ Y ; that is, there is i  0 such that
ÊxtiU(L)(M,U(L) ⊗K M) = 0. Note that U(L) ⊗K M is a free U(L)-module and hence
U(L) ⊗K M has finite projective dimension over U(L). Then by (3) of Lemma 4.1,
ÊxtiU(L)(M,U(L)⊗K M) = 0, a contradiction. 
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